TRIGONOMETRIC SUBSTITUTIONS

We showed in class that the area enclosed by the circle 22 + y? = a? equals ma?. It involved
computing integrals of the form

/ Va2 — 22 dx
0

Exercise 1. Find the area enclosed by the ellipse
22 2

2tp=t

The following table is a list of trigonometric substitutions that we use for certain radical
expressions.

TABLE 1. Table of Trigonometric Substitutions

Type | Expression Substitution Identity
2 2 3 T m 2 2
1 a? —x T =asinf, —§§9§§ 1 —sin“ 0 = cos* 6
2 Va? + x? x = atand, —g<9<g 1+ tan? 6 = sec? 0

3

3 x2 — g2 x:asec9,0§0<gorﬂ§9< sec2f —1 = tan? 6
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NZ )
Exercise 2. (Type 1) /237 dx
x
Note that the radical term is of Type 1 i.e. radical of the form /22 — z2.
Therefore we need to use the substitution x = 2sin 6, and proceed from there.

1
Exercise 3. (Type 2) / dz
22V/x? +4

Just because it has a radical expression does not necessarily mean that you need to use the
substitution from the table. For instance:

Exercise 4.

/”” dx
VzZ+9
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1
Exercise 5. (Type 3) / dx
z?2 -1

So there are integrals where you need to do substitution first before computing the integrals

s 3
2 x
Exercise 6. / — dz
0 (422+1)2
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There are certain integrals where you need to solve by completing the squares first

Exercise 7. / VbH+4dr — 22 dx

2
. x4+ 1
Exercise 8. /(31‘2—21'4-2)2 dx



TRIGONONETRIC  SUBSTITUTION

E"\Pse ?_2_ .\._gf__ = 1

o Find the area enclosed
bj the ellfpee |

| ‘Q)O )>

. st
* All four areas are same , 6o we can restriet o the | quadrant

Solvmj equah‘on for ﬂ )

1 43
_g.i_, - l ‘_9_(_?_ Y 39 =b9(a —K )
b 0’ a’

Smcej >0 | 3 = 3 -b—'lda-xg_
a

©



Then

Q
A ]—b-'\lol-x‘ dx
a

()

These e*xac*\j are the {jpe o§ mbjmle that

require h\ﬂonomdn‘c subshtution

We wi\ll. sl up table but for hiere \mna )

% =asin0

5 dx = a0 d6

Lirnits of nlegration 0 = asm@ =emb =0 =20=0
a=a0mnb =000 =1 =6 =17L

),
A ] o
b \l a? -a%n’0 .+ acosD 46
q .

0



“,2

= -‘?-  2() - 3,'9_‘; 0 46
j ; -\F.\ (1-9n°08) . aw
0

T/,

= I b . # sh. acosh db
2 | |

0

Wy ; "I,‘ o
« ‘ab I cosae 0 =ab J [LJf 0520 ] 40
. B y
0 0
“,1 _
_ab | 9 +5m20 =_9_b_"l‘.+0-0
9 ) 9 L2
0
= nab

“ne_n) total area = 'nab ..



“_ 9
X A
02
%= 358
dx
ax - d
= 0sO

T

Ax a JCOQQ a8

J Je0s8 . 20040
(Jsme)a

0 4o
sin’Q

S %0 40

Jcosecae- 1 46

J 4-x2 = 44- (&sm@)"2

= '\’ 4 -4a10°0

= q4(1-6m6)




= -t 0-0+C

R L sm"(%‘.) +C

X

¢) | ax
Xﬂlx’-\r‘\

13339 ¢ =2
2% = éHonO

dx = de’® = dx = dsec’™d dO
40

J_ xl+4 = 'Q(é)ianG)).M

= .{4}0"])9.}4 = -14“‘}{0“&8) = QSQCG

4-o



!

\ . Qeec’® dO
(24anO)" 2secO

~

it

o |

secO 4o
| hnng

S

s 48
&in’0

COSQ 9

1

..b.\.,
7

-:_LJCOSS a0
4

an‘Q

let v= 6nb

dv = c020 46




[%24 4
x
G
= —.LW 4 C .
1
4) X d?(
Jx2+q
= d
U= x2+q = du=axdx o dx é_;(q_
Vg+c

X du = _\_JU“’/}AU - '_Dlau
(u ax J

| :
TR I

]



Tape 3 a=4

x = secB

b = s tanb dO

(%2~ ~55@«:’9 1 = 4anb

}’ U e Joan® d0
tanf

= Esece de = )n 69(6-\-'\'““9\} + C

:ln‘x+W‘+C . W
:



6) } o : oy We want shh of
/.
OH"QH)J }hefomn w+14 .,
F 50 u2:4rxg means
40 = ax
|u’+ !)3/"‘ 2 du = ddo ;o\'x=_42t_4_
0 ’R'—‘O, u=0
b | x‘.—'-‘[é- , U= ‘1-3_
oo X_PE__. du 2
e | W+ )
0
TN 10 D
Wped a=14,u=tand (W17 = (4n0+1)
du = SQCQG d8 = 6@639
TV3
3
= L [ e’ % 40 u=J3 u=0
16 secd 0
0 an6 =E *QHG"O
3 6=  0=0

16 sec @
0



J

_L_J secD tan® b 18
16

5020

I f cocBtan O 500 - |
g0

LQ{ v = QQCQ

du  cecd ton®
dd

u

S

16

16

- -
.L[u+ D) ]
16 !

2
4
2
_Lf\ i du
1

46



E '\JS+49&—7\Q dn

Solve bﬂ comp\eh‘nﬁ square
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